ABSTRACT. Let S = K[x 1 , . . . , x n ] denote the polynomial ring in n variables over a field K with each deg x i = 1 and I ⊂ S a homogeneous ideal of S with dim S/I = d. The Hilbert series of S/I is of the form h S/I (λ )/(1 − λ ) d , where h S/I (λ ) = h 0 + h 1 λ + h 2 λ 2 + · · · + h s λ s with h s = 0 is the h-polynomial of S/I. Given arbitrary integers r ≥ 1 and s ≥ 1, a lexsegment ideal I of S = K[x 1 , . . . , x n ], where n ≤ max{r, s} + 2, satisfying reg(S/I) = r and degh S/I (λ ) = s will be constructed.
The study on the regularity and the degree of the h-polynomial of a monomial ideal done in [3] continues in the present paper and an affirmative answer to [3, Conjecture 0 .1] will be given.
Let S = K[x 1 , . . . , x n ] denote the polynomial ring in n variables over a field K with each deg x i = 1 and I ⊂ S a homogeneous ideal of S with dim S/I = d. The Hilbert function of S/I = ∞ n=0 (S/I) n is the numerical function H(S/I, n) = dim K (S/I) n for n ∈ Z ≥0 . The Hilbert series of S/I is the formal power series F(S/I, λ ) = ∑
where each h i ∈ Z. We say that
with h s = 0 is the h-polynomial of S/I. Let reg(S/I) denote the (Castelnuovo-Mumford ) regularity [2, p. 48] of S/I. In the previous paper [3] , given arbitrary integers r and s with r ≥ 1 and s ≥ 1, a monomial ideal I of S = K[x 1 , . . ., x n ] with n ≫ 0 for which reg(S/I) = r and deg h S/I (λ ) = s was constructed and it is conjectured that the desired monomial ideal can be chosen to be a strongly stable ideals ( 
Hence deg h S/I (λ ) = s, as desired.
(Second Step) Let 1 ≤ s < r. We introduce the sequence {a n } ∞ n=0 which is
Since the sequence {a n } ∞ n=0 satisfy the Macaulay condition [2, Theorem 6.3.8], it follows that there exists a homogeneous ideal I ⊂ S = K[x 1 , . . . , x r+2 ] for which H(S/I, n) = a n for n ∈ Z ≥0 . Let I lex ⊂ S denote the lexsegment ideal for which the Hilbert function of 
Hence
Furthermore, the Macaulay expansion of h r is
It then follows from the proof of [2, Theorem 6.3.1] that the maximal degree of the monomials belonging to the minimal system of generators of I lex is r + 1. Again, EliahouKervaire formula [2, Corollary 7.2.3] says that reg(R/I) = reg(I) − 1 = (r + 1) − 1 = r. On the other hand,
Example 0.2. Let s = 2 and r = 4. Then the lexsegment ideal I lex ⊂ S = K[x 1 , . . ., x 6 ] with the Hilbert function 1, 6, 5, 5, 5, . . . is the monomial ideal generated by 
Then dim S/I = r, depth S/I = r −1, reg(S/I) = r and deg h S/I (λ ) = s. As a result, Question 0.3 can be also solved, when d = r, e = r − 1 and 1 ≤ s < r. (3) Let I be the monomial ideals of S = K[x 1 , x 2 , x 3 , x 4 , x 5 ] generated by 
